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Abstract—The classical N-body problem is computationally in-
tensive because every particle interacts with every other particle,
creating a workload that scales quadratically with system size.
This O(N2) growth presents a severe challenge for conventional
processors, which must evaluate all pairwise forces sequentially
or in limited parallel batches. As N increases, the cost of
maintaining real-time performance, especially when accurate
numerical integration and smooth visualization are required,
quickly becomes prohibitive. Field-programmable gate arrays
(FPGAs) offer a compelling alternative: their fine-grained paral-
lelism and configurable pipelines map directly onto the repetitive
interaction, accumulation, and update steps that dominate N-
body complexity.

In this project, a Spartan 7 Series FPGA is used to implement
a multi-stage streaming architecture in which force evaluation,
state updates, and visualization are processed in dedicated
hardware pipelines. Because the gravitational (or relativistic)
interactions between distinct particle pairs are independent, these
pipelines can exploit massive parallelism at the level of individual
interactions. The result is a sustained-throughput N-body engine
capable of continuous simulation and real-time display, demon-
strating how reconfigurable hardware can overcome the scaling
challenges inherent in N-body computation while supporting
responsive, high-resolution graphical output.

Index Terms—Digital systems, Field programmable gate ar-
rays, Physics simulation, N-Body simulation, Relativistic dynam-
ics

I. INTRODUCTION

The N-body problem describes the motion of a system of
particles whose dynamics are governed by pairwise interac-
tions. For a system of N particles with masses mi at positions
ri, the gravitational force exerted on particle i by particle j is

Fij = G
mimj

∥ri − rj∥3
(rj − ri) , (1)

where G is the gravitational constant, 6.67 × 10−11

N ·m2 kg−2. The net force on particle i is the sum over all
other particles,

Fi =

N∑
j=1
j ̸=i

Fij . (2)

The key difficulty is that each particle interacts with the
other N − 1 particles, producing a combinatorial explosion

of N(N − 1) interactions per timestep [2]. This leads to the
well-known O(N2) computational cost, which is the primary
bottleneck for achieving real-time simulation on traditional
processors. Moreover, higher-order numerical methods such
as Verlet [?] demand repeated evaluations of these forces per
timestep, further amplifying the arithmetic workload.

However, this same quadratic structure suggests an immense
opportunity for parallelism. Each interaction Fij is indepen-
dent: the force that particle i experiences due to particle j does
not depend on any other force computation. The superposition
principle ensures that the total force is simply the sum of these
independent terms. This structure makes the N-body problem
an almost ideal match for hardware acceleration, because the
expensive pairwise computations can be distributed across
many concurrent arithmetic units.

The ability of FPGAs to handle arithmetic operations and
specialize data paths presents an excellent opportunity to
overcome the traditional bottlenecks and scaling effects of
traditional implementations. This project overcomes these con-
straints, and this paper seeks to outline the design decisions
that led there. It starts with the overall architecture and then
builds up from the arithmetic foundation to the pipelined
acceleration architecture, integrator, and finally the display
system.

II. SYSTEM ARCHITECTURE OVERVIEW

The structure of this system begins with a double-wide
pipeline of acceleration cores consisting of N/2 stages for
N bodies. Each acceleration core has a resident body and
computes the acceleration of any input body due to its
interaction with the resident body. This pipeline computing
the current acceleration then feeds into the integrator module
which computes the new velocity and position given that
current acceleration and the previous acceleration, velocity,
and position. See the block diagram below for a visual rep-
resentation, and see the sections of these respective modules
below for more information on their inner-workings.

The bodies are fed into the pipeline one-by-one using a
control finite state machine (FSM). There are 3 states: IDLE,
FIRST, and FEEDING. When the simulation begins, the
state transitions from IDLE to FIRST. This indicates that
there are no previous accelerations, so the integrator must



use the accumulated current value for acceleration as an
approximation for the previous accelerations. Once all of the
bodies have been through the pipeline at least once, the state
transitions to FEEDING, where it continuously feeds bodies
and updates the positions, velocities, and accelerations of all
bodies.

The FIRST stage also indicates that the pipeline has not
been primed yet (not all of the stages have a value), which
means that the procession of the pipeline stages must be
handled specially until they have been filled. For those first
few times, the pipeline stages proceed in a cascading fash-
ion, which was found to be dangerous given the integrator
module’s timing is different from the acceleration pipeline
stages. Once the pipeline is filled, the pipeline values proceed
once all pipeline stages have indicated they are valid. When
in FEEDING, the module just continuously feeds and follows
this procedure of making sure that all valid out signals have
been asserted.

III. ARITHMETIC FOUNDATION

A. Numerical Representation

Although the system can be compiled with any floating
point representation, thanks to the parameterization of the bit
widths of the mantissa and exponents, this project conducted
all tests and demonstrations with IEEE 754 single-precision
(32-bit) representation. This was found to be sufficient for
conducting validation and faithfully representing orbital me-
chanics with the right unit system.

Positions, velocities, accelerations, and masses are repre-
sented as 32-bit floating-point values. For gravitational force
calculations, this project uses astronomical units (AU) for
distances, years for time, and solar masses for mass, which
naturally scale the gravitational constant G to unity and
keep typical values within the single-precision range. This
unit system prevents overflow/underflow while maintaining
precision for orbital mechanics calculations.

B. Floating-Point Operations

Four fundamental arithmetic operations form the foundation
of the acceleration and integration computations. All of them
are easily adapted to handle different size mantissas and
exponents by simply editing their compilation parameters:

Addition/Subtraction (arith_add_sub): Implements
variable floating-point addition and subtraction through a
three-stage pipeline. Stage 0 aligns mantissas by comparing
exponents and right-shifting the smaller operand. Stage 1
performs mantissa addition or subtraction based on the sign
comparison and do_sub control signal. Stage 2 normalizes
the result by detecting the leading one position and adjusting
the exponent accordingly. The module handles all special
cases including NaN propagation, infinity arithmetic (e.g.,
∞−∞ = NaN), and signed zero.

Multiplication (arith_mult): A two-stage pipelined
multiplier computes floating-point products. Stage 0 multiplies
the mantissas (with implicit leading bits) and sums the ex-
ponents after bias adjustment, which can be done extremely

efficiently thanks to the on-board DSPs. Stage 1 normalizes the
product by detecting carry-out and adjusting the mantissa shift
accordingly. Special case handling includes NaN propagation,
the indeterminate form 0 × ∞ = NaN, and signed infinity
results. The 2-cycle latency enables efficient chaining in multi-
operation sequences.

Comparison (arith_lt): Implements the less-than com-
parison for floating-point values in a single pipeline stage. The
module performs lexicographic comparison of sign-magnitude
representations, handling special cases where NaN operands
result in unordered comparisons (always false). This operation
is critical for collision detection in the acceleration core and
boundary checking in the integrator. It is an extremely simple
module and is often absorbed into the larger module in which
it is used.

Reciprocal Square Root (arith_rsqrt_nr): Computes
1/
√
x using Newton-Raphson iteration to avoid explicit divi-

sion operations. The initial approximation derives from the
exponent: y0 = 2(3β−expx)/2 where β = 127 is the bias value
(as it is for IEEE 754). Four Newton-Raphson iterations refine
this estimate using the recurrence:

yn+1 = yn
(
1.5− 0.5 · x · y2n

)
(3)

Each iteration executes six FSM states (IDLE,
YN_SQUARE, X_YN_SQUARE, HALF_X_YN_SQUARE,
ONE_POINT_FIVE_MINUS, YN_TIMES, DONE), requiring
81 clock cycles total. While the theoretical computation
requires approximately 48 cycles (4 iterations × 12 cycles per
iteration), FSM state transition overhead adds approximately
33 cycles, primarily due to state synchronization and pipeline
coordination between the Newton-Raphson iterations. This
operation dominates the latency of the acceleration core, but
enables computation of r−3 without division.

Table I summarizes the resource utilization for each arith-
metic primitive. The multiplication operation leverages dedi-
cated DSP48E1 blocks for efficient mantissa multiplication,
while addition/subtraction relies on fabric LUTs and carry
chains. The reciprocal square root module represents a signifi-
cant resource investment due to its internal multiplier and sub-
tractor, but this avoids expensive and inaccurate division of ap-
proximating

√
x using Newton-Raphson (yn+1 = 1

2 (yn+
x
yn

)).
Also note that arith_lt does not have specific resource
information, since it is often absorbed as stated above.

TABLE I
RESOURCE UTILIZATION FOR ARITHMETIC PRIMITIVES

Module LUTs FFs DSPs Latency (cycles)
arith add sub 337 323 0 3
arith mult 86 81 2 2
arith lt – – 0 1
arith rsqrt nr 618 580 2 81

C. Vector Extensions

To exploit data-level parallelism inherent in three-
dimensional position and velocity vectors, this project imple-
ments vector extensions that instantiate multiple arithmetic



primitives in parallel. Each vector operation processes all
DIM=3 components simultaneously, achieving a speedup of
3 times over sequential scalar operations.

Vector Addition/Subtraction (vec_add_sub): Instanti-
ates three arith_add_sub modules in parallel, one per
vector component. All three additions execute simultaneously
with identical 3-cycle latency. The module consumes approx-
imately 1,200 LUTs and 1,070 flip-flops, representing a near-
linear scaling from the single-component primitive (3 times
the resources for 3 times the throughput). A do_sub control
signal enables both addition and subtraction operations without
additional hardware.

Vector-Scalar Multiplication (vec_const_mult): Im-
plements element-wise multiplication of a 3D vector by a
scalar constant through three parallel arith_mult instances.
This operation is essential for scaling vectors by time steps
(v ·∆t) and gravitational constants (G ·m). With 260 LUTs,
343 flip-flops, and 6 DSP blocks (2 per component), the
module achieves 2-cycle latency for all components. The DSP
block utilization is critical for keeping high throughput while
minimizing LUT logic.

Dot Product (vec_dot): Computes a · b =
∑2

i=0 aibi
through a two-stage reduction network. Stage 1 performs three
parallel multiplications (ai × bi). Stage 2 sums the products
using sequential adders: first computing (a0b0 + a1b1), then
adding a2b2 to this partial sum. Since there is no need to
extend beyond 3 dimensions and the sequential approach is
equivalent to the binary tree, the sequential adder is perfectly
reasonable. The theoretical latency is 8 cycles (3 times mult at
2 cycles + 2 times add at 3 cycles), but FSM state transition
overhead adds 3 cycles, for a total measured latency of 11
cycles.

Vector Threshold Comparison (vec_thres_lt): Per-
forms element-wise comparison of vector component magni-
tudes against a scalar threshold: |vi| < threshold for each
dimension i. Three parallel arith_lt modules compare the
absolute values (sign bit forced to zero) against the thresh-
old, producing a 3-bit result vector. This operation enables
boundary collision detection in the integrator with single-cycle
latency.

The vector extensions achieve near-perfect resource scal-
ing: processing three components in parallel requires ap-
proximately 3 times the resources of scalar operations, with
no additional control overhead. This efficiency stems from
the independence of vector components: each dimension’s
computation proceeds without cross-dependencies, enabling
parallelization through module replication.

Table II summarizes the resource utilization for vector
operations. The consistent pattern of roughly 3 times the
resource scaling validates the parallel architecture, while the
varying DSP block counts reflect the underlying arithmetic
operations (multiplication requires DSPs, addition does not).

TABLE II
RESOURCE UTILIZATION FOR VECTOR OPERATIONS (DIM=3)

Module LUTs FFs DSPs Latency (cycles)
vec add sub 1,204 1,070 0 3
vec const mult 260 343 6 2
vec dot 944 1,031 6 11
vec thres lt 121 8 0 1

IV. ACCELERATION PIPELINE

A. Acceleration Core

The acceleration core module (accel_core) computes
the gravitational acceleration due to a single resident body on
a body traversing the pipeline. This module encapsulates the
complete force calculation for a single body-body interaction,
implementing the gravitational law:

aij =
Gmj(rj − ri)

r3ij
(4)

where G = 1.0 (normalized units), mj is the resident body
mass, rj − ri is the displacement vector, and rij is the
separation distance.

The core’s finite state machine sequences through seven
states to complete the acceleration computation, carefully
orchestrating the arithmetic operations to maximize pipeline
utilization while minimizing resource consumption. Figure 1
illustrates the state transitions and operations performed at
each stage.
IDLE: Awaits the start signal from the parent pipeline

stage. Upon activation, the core latches input positions (x_in,
x_resident) and masses (mass_in, mass_resident)
into internal registers to ensure data stability throughout the
multi-cycle computation.
DELTA_R: Computes the displacement vector ∆r =

rresident − rin using the vec_add_sub module with
do_sub=1. This 3 cycle operation establishes the direction of
the gravitational force. The computed displacement is saved
to r_delta_saved for later use in the final acceleration
calculation.
DELTA_R_SQUARE: Computes the squared distance r2 =

∆r · ∆r through the vec_dot module. This scalar value
serves dual purposes as input to the reciprocal square root
computation and as a collision indicator. The 11 cycle dot
product operation (corresponding to DIM=3) represents a crit-
ical serialization point in the pipeline, as subsequent operations
depend on this result.
MUL_1: Initiates three parallel operations to maximize

throughput:

1) Inverse distance: Computes r−1 = 1/
√
r2 using

arith_rsqrt_nr. This 81 cycle operation dominates
the acceleration core latency but avoids expensive di-
vision hardware. The FSM state management overhead
accounts for approximately 41% of the rsqrt execution
time, with 28 state transitions across 4 iterations con-
tributing to the additional latency.



2) Mass scaling: Computes G · mresident using
arith_mult_inst_1. With G = 1.0, this effectively
copies the mass, but the multiplication infrastructure
supports future implementations with physical constants.

3) Collision check: Compares r2 < R2
threshold using

arith_lt. The threshold is set to 10−6 (parame-
ter R2_COLLISION_THRESHOLD), corresponding to
a minimum separation of ∼ 0.001 AU. This prevents
numerical instabilities when bodies approach too closely
and also handles self-interaction.

The state waits for all three operations to complete, track-
ing completion through individual valid flags (g_m_valid,
inv_r_valid, lt_out_valid). This parallelism reduces
the effective latency by overlapping the long rsqrt computation
with shorter operations.
MUL_2: Computes two products in parallel:

1) G ·m · r−1 using arith_mult_inst_1
2) r−2 = r−1 · r−1 using arith_mult_inst_2

Both 2-cycle multiplications proceed concurrently, with the
state advancing only when both complete. This stage builds
toward the final r−3 factor required by Newton’s law.
FULL_CONST: Multiplies the results from MUL_2 to pro-

duce the complete scalar coefficient: G · m · r−3 = (G ·
m · r−1) · r−2. This yields the magnitude of the gravitational
acceleration.
DONE: Performs the final vector-scalar multiplication a =

(G·m·r−3)·∆r using vec_const_mult. If the collision flag
(is_identical) is set, the module outputs zero accelera-
tion instead, preventing singular behavior and self-interaction.
The valid_out signal asserts, notifying the pipeline stage
that the result is ready.

The total latency through the acceleration core is 115 clock
cycles, dominated by the Newton-Raphson reciprocal square
root in MUL_1 which accounts for 70% of the execution
time (81 cycles). While the theoretical computation requires

approximately 66 cycles, FSM state transition overhead adds
49 cycles (74% overhead), primarily from state synchroniza-
tion in the rsqrt module and coordination between pipeline
stages. Table III presents the resource utilization for a single
acceleration core. The 2,201 LUTs and 2,473 flip-flops reflect
the substantial arithmetic infrastructure, while 6 DSP blocks
handle the vector and scalar multiplications. The resource
cost is justified by the computational intensity: each core
performs upwards of 20 floating-point operations per body-
body interaction, achieving this throughput through careful
FSM orchestration and arithmetic module reuse.

TABLE III
RESOURCE UTILIZATION FOR ACCELERATION CORE

Component LUTs FFs DSPs
accel core (total) 2,201 2,473 6

vec add sub 1,178 1,058 0
vec dot 944 1,031 6
FSM & control 79 384 0

B. Pipeline Stage

The pipeline stage (accel_pipeline_stage) imple-
ments a double-wide architecture that processes interactions
with two resident bodies in parallel, effectively doubling the
throughput per stage compared to a single-wide design. For
an N -body system, the pipeline consists of N/2 stages, with
each stage housing two acceleration cores and an accumulation
unit.

A moving body enters with its position, mass, and cumu-
lative acceleration from previous stages. The stage computes
acceleration contributions from resident bodies 2k− 1 and 2k
(where k is the stage index), sums these contributions, and
adds the result to the incoming cumulative acceleration. The
augmented body data then propagates to the next stage.

Parallel Acceleration Computation: Two acceleration
cores (accel_core_inst_1, accel_core_inst_2)

Fig. 1. Finite-state machine for the acceleration core. Each state performs one stage of the gravitational interaction pipeline, including relative position
computation, distance reduction, inverse-distance evaluation, scaling by mass and G, and accumulation of the resulting acceleration vector.



TABLE IV
RESOURCE UTILIZATION FOR DOUBLE-WIDE PIPELINE STAGE

Component LUTs FFs DSPs
Pipeline stage (total) 4,519 5,050 12

accel core inst 1 2,201 2,473 6
accel core inst 2 2,201 2,473 6
vec add sub (accum) – – 0
FSM & control 112 102 0

operate concurrently on the same moving body but with
different resident bodies. Both cores receive identical x_in
and mass_in values representing the moving body, while
x_res_1/mass_res_1 and x_res_2/mass_res_2 pro-
vide the resident body parameters. The start signal trig-
gers both cores simultaneously, and the stage waits for both
valid_out signals before proceeding.

This parallel structure exploits the independence of pairwise
force calculations. By processing two such interactions con-
currently, the stage achieves 2 times the throughput without
increasing pipeline depth.

Once both acceleration cores complete, the stage sequences
through a two-step accumulation using the vec_add_sub
module. Here is the state machine, which coordinates the
parallel cores and accumulation:

1) IDLE: Awaits start from the pipeline controller.
Latches input body data and initializes both acceleration
cores.

2) ACCEL: Both cores execute concurrently. The state
uses completion flags (accel_core_1_done,
accel_core_2_done) to detect when both cores
finish, handling the case where cores complete in
different orders due to collision detection early
termination.

3) ADD: Sum the outputs from both cores: apartial =
adiff 1 +adiff 2. This 3-cycle operation produces the total
acceleration contribution from both resident bodies.

4) DONE: Add the partial sum to the incoming cumulative
acceleration: aout = ain +apartial. Another 3-cycle opera-
tion yields the final cumulative acceleration and asserts
valid_out.

The total stage latency is 134 clock cycles (115 for acceler-
ation cores executed in parallel plus 19 for accumulation and
FSM coordination). The additional FSM overhead beyond the
core computation comes from state synchronization between
the two parallel acceleration cores and the accumulation net-
work. Table IV shows the resource utilization for a complete
pipeline stage. The double-wide architecture requires approx-
imately 2.05 times the resources of a single acceleration core
(4,519 LUTs vs. 2,201 LUTs per core), with the extra 5%
overhead coming from the accumulation network and stage
control FSM. This near-linear scaling demonstrates efficient
resource utilization: doubling throughput requires only dou-
bling resources, with minimal control overhead. Although it
is possible to improve the delay due to the adders by using
an N-wide pipeline and a tree structure for summing partial

accelerations, for higher numbers of N bodies, the throughput
would be worse and the fan-out much larger.

For an N = 4 body system, two pipeline stages provide
complete force evaluation: stage 0 processes resident bodies
0 and 1, while stage 1 processes resident bodies 2 and 3.
Each moving body traverses both stages sequentially, accu-
mulating acceleration contributions from all other bodies. The
double-wide architecture halves the number of required stages
compared to a single-wide design, reducing pipeline depth,
improving effective throughput, and fixing stalling issues due
to N bodies being processed in N + 1 stages (including the
integrator). This design helps minimize fan-out compared to
the N -wide approach to calculating accumulating accelera-
tions while maintaining the same throughput and number of
adders.

V. INTEGRATION MODULE

The integration module (integrator) advances the po-
sition and velocity of a body through one timestep using
the Velocity Verlet algorithm, a second-order symplectic in-
tegration scheme that exhibits superior energy conservation
compared to simpler methods like forward Euler. Given a
body’s current state and both old and new accelerations, the
integrator computes updated positions and velocities according
to:

x(t+∆t) = x(t) + v(t)∆t+
1

2
a(t)∆t2 (5)

v(t+∆t) = v(t) +
1

2
[a(t) + a(t+∆t)]∆t (6)

This two-stage update requires both the acceleration at the
current timestep a(t) and the newly computed acceleration
a(t + ∆t) from the pipeline. The module receives timestep
parameters dt and half_dt (∆t and ∆t/2) as floating-
point constants, enabling efficient scaling operations without
runtime division.

Initialization Handling: For the first integration step, the
previous acceleration a(t) is unknown. The is_first flag
signals this condition, and the integrator approximates a(0) ≈
a(∆t), effectively using the forward Euler method for the ini-
tial step. This introduces a one-time O(∆t2) error that does not
compound over subsequent timesteps, as all later iterations use
proper Velocity Verlet updates. This bootstrapping approach
avoids the need for a separate initialization pass through the
acceleration pipeline.

The integrator FSM orchestrates the computation through
six states, carefully scheduling operations to maximize paral-
lelism while reusing arithmetic modules:
IDLE: Awaits the valid_in signal indicating that the

acceleration pipeline has produced a new acceleration vector.
The module latches all input state: position (x_in), old ve-
locity (v_old_in), old acceleration (a_old_in), and new
acceleration (a_new_in). The is_first flag is evaluated
to determine whether to substitute the new acceleration for the
missing old acceleration.



MULT: Initiates three parallel vector-scalar multiplications
using vec_const_mult instances:

1) v(t) ·∆t using vec_const_mult_inst_1
2) a(t) · (∆t/2) using vec_const_mult_inst_2
3) a(t+∆t) · (∆t/2) using vec_const_mult_inst_3

All three operations complete in 2 cycles. The first term
contributes to the position update, while the latter two prepare
for the velocity update. This parallel execution exploits the
independence of these scaling operations, as they operate on
different input vectors.
ADD_1: Performs two operations in parallel:
1) Velocity change computation: Sums the scaled accel-

erations a(t) · (∆t/2) + a(t + ∆t) · (∆t/2) using
vec_add_sub_inst_1. This 3-cycle addition pro-
duces the total velocity increment 1

2 [a(t)+a(t+∆t)]∆t
from Equation 6.

2) Position correction term: Multiplies the scaled old
acceleration by ∆t to produce 1

2a(t)∆t2 using
vec_const_mult_inst_1. This 2-cycle operation
computes the quadratic position correction required by
Equation 5.

The state waits for both operations to complete (limited by
the 3-cycle addition), tracking completion through individual
done flags. This staggered completion is handled by latching
results as they arrive.
ADD_2: Executes two parallel vector additions using both

vec_add_sub instances:
1) New velocity: Computes v(t +∆t) = v(t) + 1

2 [a(t) +
a(t+∆t)]∆t using vec_add_sub_inst_1, complet-
ing the velocity update from Equation 6.

2) Total displacement: Sums the velocity term and
acceleration correction v(t)∆t + 1

2a(t)∆t2 using
vec_add_sub_inst_2, producing the net displace-
ment for the position update.

Both 3-cycle operations proceed concurrently. The computed
velocity is saved to v_out_saved for later output, while the
displacement advances to the next stage.
ADD_3: Completes the position update by adding the

displacement to the current position: x(t + ∆t) = x(t) +
displacement using vec_add_sub_inst_1. This 3-cycle
operation produces the candidate new position, which is passed
to boundary collision detection rather than immediately output.
BOUNCE: Performs boundary collision detection using

vec_thres_lt, which compares each position component’s
magnitude against R_MAX_THRESHOLD (set to 100.0 in sim-
ulation units). The threshold comparison completes in 1 cycle,
producing a 3-bit result vector indicating which dimensions
have exceeded bounds. For each out-of-bounds dimension:

• Position is clamped to the threshold: xi = sign(xi) ·Rmax
• Velocity is reflected: vi = −vi

This elastic collision model prevents bodies from escaping the
simulation volume while maintaining energy (perfect reflec-
tion). The boundary check serves purely as a visualization
constraint and does not affect the physical N-body dynamics.
Collision-corrected positions and velocities apply only for

display purposes, while the core simulation continues with the
original physics.

The integrator asserts valid_out and outputs the final
position (x_out) and velocity (v_out), either as computed
or with collision corrections applied.

Latency Analysis: The total integration latency is 26 clock
cycles, with the computational pipeline requiring 14 cycles (2
for MULT + 6 for ADD_1 + 6 for ADD_2 + 5 for ADD_3 +
3 for BOUNCE) and FSM state transition overhead adding 12
cycles.

The fast integration ensures it does not bottleneck the
pipeline. Table V presents the resource utilization for the
integration module. The 3,813 LUTs and 4,538 flip-flops
reflect the substantial vector arithmetic infrastructure, with 18
DSP blocks supporting the three vector-scalar multipliers (6
DSPs each). Despite processing multiple operations per cycle,
the integrator consumes only 84% of the resources of a single
acceleration core (3,813 vs. 4,519 LUTs for a pipeline stage),
demonstrating efficient module reuse across states.

TABLE V
RESOURCE UTILIZATION FOR INTEGRATION MODULE

Component LUTs FFs DSPs
integrator (total) 3,813 4,538 18

vec const mult inst 1 260 343 6
vec const mult inst 2 524 339 6
vec const mult inst 3 212 343 6
vec add sub inst 1 1,204 1,070 0
vec add sub inst 2 1,281 1,070 0
vec thres lt (bounce) 121 8 0
FSM & control 211 1,365 0

The integration module represents the final stage of the N-
body pipeline, receiving newly computed accelerations and
producing updated positions and velocities that feed back into
the next timestep. Its 26 cycle operation ensures that time
integration does not limit overall system throughput, allowing
the acceleration pipeline to dominate the per-timestep latency
as intended by the design.

VI. DISPLAY SYSTEM

The display system provides real-time visualization of N-
body simulation trajectories by converting three-dimensional
particle positions into HDMI video output. Our design imple-
ments a fully pipelined, real-time rendering architecture that
generates pixel data on-the-fly.

A fundamental design principle is the strict separation
between physical simulation and visual representation. The N-
body calculator operates in continuous, unbounded coordinate
space using physical units and gravitational forces. The dis-
play system, in contrast, operates in discrete, bounded screen
coordinate space with arbitrary boundary conditions and view
projections. Boundary collisions, coordinate projections, and
rendering choices are visualization artifacts, not physical phe-
nomena.

While the rendering pipeline and HDMI subsystem were
fully implemented and validated in isolation, I was not able
to complete full system integration before the presentation



due to unforeseen timing issues at the interface between the
simulation pipeline and the display subsystem. In particular,
the display engine operates in a tightly constrained pixel-
clock domain (driven at 25.125 MHz for 720p or 74.25
MHz for 1080p), whereas the N-body pipeline runs in a
higher-frequency computational clock domain optimized for
arithmetic throughput. The handoff of particle-position data
between these asynchronous domains introduced metastability
hazards and occasional violations of setup/hold requirements,
preventing reliable frame-synchronous updates.

These timing failures manifested during synthesis as neg-
ative slack along cross-domain FIFOs and mux paths that
were intended to feed transformed particle coordinates directly
into the renderer. Because the rendering architecture produces
pixels on-the-fly without a framebuffer, the timing margin for
delivering updated particle positions each frame was extremely
tight. As a temporary workaround for the presentation, I
used the UART debug interface to stream particle-position
data generated by the simulation pipeline into a standalone
rendering module operating in isolation. This allowed me to
demonstrate the correctness of both subsystems independently,
even though they were not yet fully integrated on-chip.

In the final design, I intend to resolve these issues by
inserting a proper clock-domain–crossing (CDC) boundary
and adopting a double-buffered particle-state interface. A dual-
port BRAM–backed buffer will allow the simulation pipeline
to write particle states continuously in its own clock domain,
while the display system reads a stable snapshot synchronously
with the pixel clock. This eliminates the need for tight cycle-
accurate coordination between the domains and ensures de-
terministic, glitch-free rendering. I expect to complete this
integration within the next one to two days; the final, fully
synchronized version will be pushed to GitHub once the CDC
logic and timing closure are complete.

A. Pipeline Architecture

The display pipeline processes each particle through four
sequential stages: simulation update, boundary collision de-
tection, view projection, and pixel rendering. For N particles,
we instantiate N parallel pipelines, each dedicated to a single
particle, ensuring rendering complexity scales linearly with
particle count. The pipeline operates entirely in the pixel clock
domain (74.25 MHz for 720p resolution), synchronized to the
video signal generator. Position updates occur once per video
frame, triggered by the new_frame signal, ensuring smooth
motion at 60 Hz refresh rate. When fully integrated, the N-
body calculator will replace the particle simulator update stage,
while the boundary collision detection, view projection, and
pixel rendering modules will function identically.

1) Coordinate Representation and Precision: Particle po-
sitions flow through the pipeline in FP28 format, a 28-bit
fixed-point representation where coordinates are stored at
specific bit positions: X at bits [18:8] (11 bits), Y at bits
[17:7] for XY view or [18:8] for YZ view (10-11 bits), and
Z at bits [17:7] (11 bits). This bit-level encoding enables

coordinate extraction via simple bit slicing, avoiding floating-
point arithmetic overhead.

We recognize that precision in coordinate representation is
critical for accurate visualization, particularly when particles
span large dynamic ranges. We are actively exploring the best
approach for floating-point arithmetic in the display pipeline,
balancing precision requirements against hardware complexity.
For the current implementation, we extract coordinate values
by directly slicing bits from the FP28 representation and
clipping them to screen boundaries. This provides sufficient
precision for screen-space coordinates (11 bits covers 0-2047
pixels, well beyond our 1280×720 screen) while maintaining
combinational logic for coordinate conversion, but represents
a temporary solution as we refine our floating-point handling
strategy.

The pipeline requires two coordinate format conversions:
FP28 to screen coordinates (for boundary collision) and screen
coordinates back to FP28 (for feedback to the simulator). Both
conversions are pure combinational logic, adding zero pipeline
latency.

2) Stage 1: Particle Simulator: The particle simulator up-
dates positions based on velocities using Euler integration:
x(t + ∆t) = x(t) + v(t)∆t. In the current implementation,
this serves as a placeholder that will be replaced by the full
N-body calculator during integration. The simulator accepts
position and velocity feedback from the boundary collision
stage, creating a closed feedback loop for standalone demon-
stration. It operates on FP28 coordinates using floating-point
arithmetic units (vec_add_sub and vec_const_mult),
with a finite state machine orchestrating multi-cycle floating-
point operations: vector-scalar multiplication (velocity times
time step) followed by vector addition (position plus velocity
increment).

3) Stage 2: Boundary Collision Detection: Boundary col-
lision detection implements elastic reflections at screen edges
as a visualization feature, not a physical constraint. The
module detects when particles would cross boundaries defined
by screen dimensions (1280×720 pixels) and particle radius
(20 pixels by default, though will be tuneable), negating the
corresponding velocity component and clamping position to
the boundary.

A critical design choice is that boundary collisions only af-
fect velocity components for dimensions visible in the current
view mode. In XY view, only X and Y velocities are reversed;
Z velocity passes through unchanged. Similarly, XZ view
affects X and Z, while YZ view affects Y and Z. This ensures
particles appear to bounce correctly in the displayed projection
while maintaining motion in the hidden dimension—purely
visual behavior that does not affect the N-body simulation.

We explicitly avoid periodic boundary conditions (wrapping
particles from one edge to the opposite) because such behavior
would create unphysical discontinuities: if a particle at the left
edge wraps to the right edge, the gravitational force between
two distant particles could instantaneously jump from negli-
gible to maximum as they become adjacent, fundamentally
corrupting simulation accuracy. This separation ensures that



display choices remain purely visual and do not affect physical
calculations.

4) Stage 3: View Projection: View projection controlled via
sw[1:0] transforms three-dimensional FP28 coordinates into
two-dimensional screen coordinates based on user-selectable
view mode. The three orthographic projections (XY, XZ, YZ)
route appropriate coordinate pairs to screen axes via a case
statement. The projection extracts coordinate bits from FP28
format and maps them to screen coordinates centered at (640,
360), with Y coordinate inversion to match screen coordinate
conventions. View mode changes trigger immediate reprojec-
tion even without new position data, ensuring responsive user
interaction.

Coordinate projections are arbitrary viewing choices, not
physical transformations. The three orthographic projections
simply select which coordinate pairs map to screen axes,
allowing users to inspect the simulation from different angles
without affecting underlying physics calculations. The N-body
calculator remains agnostic to these display choices, operating
in full 3D space regardless of the selected view mode. We
chose orthographic projection because it preserves distances
and angles in the projection plane (ideal for orbital mechanics
visualization) and requires only coordinate pair selection (sim-
ple routing logic), whereas perspective projection would need
division operations and significantly more hardware resources.

5) Stage 4: Particle Rendering: Particle rendering uses Bre-
senham’s circle algorithm [4] implemented as combinational
logic, generating pixel colors in real-time based on the current
scan position and particle center coordinates. For each pixel,
the renderer calculates (h_count−x)2+(v_count−y)2 ≤
r2 using signed arithmetic, avoiding the square root operation
required for Euclidean distance. The renderer outputs 8-bit
RGB values for pixels inside the circle and zero (black) for
pixels outside. Filled circles provide uniform visibility from all
angles, important for 3D visualization, and the combinational
implementation ensures zero-latency rendering, critical for
real-time video generation where each pixel must be computed
in a single clock cycle.

B. Video Signal Generation and HDMI Output

The video signal generator produces standard 720p timing
(1280×720 pixels at 60 Hz), requiring a 74.25 MHz pixel
clock. We chose 720p over lower resolutions for improved
visual clarity and over higher resolutions to limit memory
and timing complexity. The generator uses simple counters for
horizontal and vertical position tracking, with combinational
logic generating sync signals and active draw regions. The
new_frame signal provides a one-cycle pulse at the start
of each frame, synchronizing particle position updates to the
video refresh rate.

HDMI output requires TMDS (Transition Minimized Dif-
ferential Signaling) encoding and serialization. Three TMDS
encoders operate in parallel for red, green, and blue channels,
converting 8-bit RGB values into 10-bit encoded symbols
that minimize transitions for improved signal integrity. The
blue channel additionally carries horizontal and vertical sync

signals. The encoded 10-bit symbols are then serialized at
5× the pixel clock rate (371.25 MHz) using dedicated seri-
alizer modules, producing the high-speed differential signals
required for HDMI transmission. We adapted the code use in
the pong lab for this purpose.

C. Design Trade-offs

We chose not to implement double-buffering or automatic
framebuffer clearing; tearing is rarely visible at 60 Hz, and
manual reset control allows particle trails for orbital visual-
ization. Anti-aliasing and sub-pixel positioning were omitted
to keep the rendering pipeline combinational and minimize
resource usage. The feedback loop from boundary collision
back to the particle simulator is temporary; when integrated
with the full N-body calculator, particles will receive positions
directly from the physics simulation, while boundary collision
and view projection remain as visualization-only processing.

VII. VALIDATION

We validate the FPGA implementation through two com-
plementary approaches:

1) We directly compare against a Python reference im-
plementation executing a traditional n-body algorithm
scheme.

2) We conduct physical consistency checks through con-
servation law verification.

Both validation methods utilize a custom Cocotb testbench
that instruments the FPGA design with cycle-accurate probes,
capturing position, velocity, and acceleration along with all
pipeline stages at every timestep for analysis.

A. Numerical Accuracy Validation

To assess numerical accuracy, we compare the FPGA imple-
mentation against a Python reference that executes the same
Velocity Verlet integration and gravitational force calculation
using NumPy’s built-in arithmetic. Both implementations re-
ceive identical initial conditions: four bodies with random-
ized positions and velocities in the range [−10, 10] AU and
randomly chosen ±1 AU/year in all dimensions respectively,
each with mass m = 10.0 solar masses. The timestep is
∆t = 0.1 years, and both systems evolve for 1000 timesteps
(100 simulated years).

Figure 2 presents the validation results. It overlays trajecto-
ries from the Python reference (solid lines) and FPGA hard-
ware (dashed lines), demonstrating that both implementations
produce qualitatively similar orbital evolution.

Inspecting Figure 3, one can see a consistent, linear accu-
mulation of absolute error between the python simulation and
the hardware simulation. This linear growth rate (∼ 0.5 mAU
per timestep) is characteristic of accumulated rounding errors
in chaotic systems: each timestep introduces a small numerical
perturbation, and these perturbations accumulate as trajectories
diverge exponentially in phase space.

The linear error accumulation stems from two sources:
Precision limitations: The FPGA uses IEEE 754 single-

precision (FP32) arithmetic with machine epsilon ϵ ≈ 1.19×



Fig. 2. Validation against Python reference implementation over 1000 timesteps. Overlaid trajectories for four bodies, with Python reference (solid lines) and
FPGA hardware (dashed lines). Colors distinguish individual bodies.

10−7, while the Python reference uses double-precision (FP64)
with ϵ ≈ 2.22 × 10−16. Each floating-point operation incurs
roundoff error on the order of ϵ times the operand magnitude.
AU/year per operation. With on the order of ∼ 102 to ∼ 103

arithmetic operations within the pipeline, the accumulated
rounding error per timestep is on the order of ∼ 10−4 AU,
which agrees with Figure 3.

Chaotic divergence: N-body systems exhibit sensitive de-
pendence on initial conditions, with nearby trajectories di-
verging exponentially at a rate characterized by the Lyapunov
exponent. The approximately linear growth (error(t) ∝ t) over
the 1000-timestep window suggests we are in the early phase
of exponential divergence, before the full power-law growth
manifests. Additionally, the enforced bound constraints may
also prevent us from seeing this type of chaotic divergence, as
there is a strict upper bound on error.

These considerations validate that the FP32 arithmetic,

Newton-Raphson rsqrt approximation, and pipelined archi-
tecture do not introduce systematic errors beyond expected
numerical precision limits.

B. Conservation Law Verification

As an independent validation of physical correctness, we
verify that the FPGA implementation conserves total energy
and momentum in the absence of external forces. For an iso-
lated N-body system, both quantities should remain constant
up to numerical precision.

Total energy is the sum of kinetic and potential contribu-
tions:

Etotal =

N∑
i=1

1

2
miv

2
i −

N∑
i=1

N∑
j>i

Gmimj

rij
(7)



Fig. 3. Per body absolute position error on a logarithmic scale over 1000 timesteps. All four bodies exhibit linear error growth and is characteristic of chaotic
N body dynamics.

Total momentum is the vector sum:

Ptotal =

N∑
i=1

mivi (8)

Figure 4 presents results from a 1000-timestep hardware
simulation with four bodies. Figure 5 shows the evolution
of energy and momentum where the blue line is the correct
conservation value. The bottom row is simply the absolute
error over the same period.

At timestep ∼350 in Figure 5, the energy error, likely
coinciding with a close encounter visible in the trajectory
plot (top panel) where two bodies approach within r < 0.001
AU. This sudden jump is not a numerical error but rather a
consequence of the collision detection logic in the acceler-
ation core. When two bodies satisfy r2 < R2

threshold (where

R2
threshold = 10−6 AU2, corresponding to r < 0.001 AU),

the accel core module outputs zero acceleration to prevent
numerical instabilities from the near-singular r−3 term in
Newton’s law. This artificial suppression of the gravitational
force violates energy conservation: the bodies continue moving
but experience no force, effectively removing potential energy
from the system without corresponding kinetic energy change.

As demonstrated in Figure 5, the initial divergence of energy
conservation from the python equivalent is roughly as expected
given the divergence due to numerical differences discussed
above. The error seems to accumulate roughly linearly when
compared to the python double representation. However, after
the perturbation caused by the singularity prevention, energy
and momentum conservation errors seem to plateau, suggest-
ing that it may be the case that these errors accumulate most



Fig. 4. Separate hardware trajectory evolution over 1000 timesteps from Figure 2.

Fig. 5. Total energy and momentum of the system (red dotted lines) as compared to the corresponding correct value for total energy and momentum (blue
lines).

when bodies are in close proximity. C. Collision Threshold Tradeoff

The collision detection threshold presents a fundamental
tradeoff between numerical stability and physical accuracy.



Without the threshold, bodies approaching r → 0 would
experience accelerations a ∼ r−3 → ∞, causing floating-
point overflow and simulation failure. The threshold prevents
this catastrophic failure at the cost of non-physical behavior
during close encounters.

Two observations suggest that this tradeoff is acceptable for
our application:

1) Rare events: In typical simulations with initial separa-
tions ∼ 10 AU and velocities ∼ 1 AU/year, close ap-
proaches within 0.001 AU occur infrequently (less than
1% of timesteps). The collision threshold affects only
a small fraction of the simulation, preserving correct
behavior for most of the evolution.

2) Physical realism: Real astronomical bodies have finite
radii (e.g., Earth radius ∼ 4 × 10−5 AU), and close
approaches within 0.001 AU would result in physi-
cal collisions requiring different physics (tidal forces,
mergers). The threshold approximates this physics by
effectively treating bodies as hard spheres of radius
0.001 AU, which is physically reasonable for stellar-
scale objects.

The validation results (Figures 2 and 5) demonstrate that the
FPGA implementation correctly implements Newtonian grav-
ity and Velocity Verlet integration, with numerical accuracy
limited primarily by FP32 precision and chaotic divergence
rather than implementation errors. Conservation laws are
obeyed to within expected tolerances except during rare close
encounters where the collision threshold intentionally violates
conservation to maintain numerical stability. This validates
the hardware design for typical N-body simulation use cases
while identifying the collision threshold as an area for future
improvement.

D. Validation Methodology

The validation infrastructure consists of a Cocotb testbench
that wraps the top-level FPGA module and instruments it
with probes at key pipeline stages. At every clock cycle, the
testbench captures:

• Body positions ri(t), velocities vi(t), and accelerations
ai(t) after each integrator update

• Pipeline stage valid signals and FSM states for timing
analysis

• Update events indicating when a body completes a full
pipeline traversal

This data is logged to CSV format and post-processed using
Python scripts that:

1) Execute the reference Python implementation with iden-
tical initial conditions and timestep

2) Align hardware and reference outputs by timestep index
3) Compute error metrics at each timestep
4) Generate trajectory plots, error plots, and conservation

statistics
This simulation-based validation approach proved essential

for debugging: by comparing hardware and reference out-
puts cycle-by-cycle, we were able to identify several subtle

bugs including sign errors in the displacement calculation
(∆r = rj − ri vs. ri − rj) and incorrect indexing in the
pipeline control FSM. The ability to generate plots directly
from simulation logs enabled rapid iteration, as we could
re-run 1000-timestep validation tests in minutes rather than
waiting for FPGA synthesis.

VIII. PERFORMANCE ANALYSIS

The N-body simulator achieves sustained throughput of one
body update per 136 clock cycles at 100 MHz, corresponding
to 1.36 microseconds per update, yielding a throughput of
735,294 timesteps per second.

Table VI presents the theoretical versus measured latencies
for all major modules. The consistent pattern of overhead
across modules reveals that FSM state transition synchroniza-
tion is the primary source of inefficiency, adding approxi-
mately 55% to the theoretical computation time.

TABLE VI
MODULE LATENCY: THEORETICAL VS. MEASURED

Module Theoretical Measured Overhead
arith mult 2 2 0%
arith add sub 3 3 0%
arith rsqrt nr 46 81 +76%
vec dot 8 11 +38%
accel core 66 115 +74%
accel pipeline stage 75 134 +79%
integrator 14 26 +86%
Body update period 88 136 +55%

The acceleration core’s 115-cycle latency is dominated by
the reciprocal square root operation, which consumes 81 cycles
(70% of total core time). Within the rsqrt module, the Newton-
Raphson iteration requires 48 cycles for arithmetic operations,
while FSM state transitions contribute an additional 33 cycles
of overhead (41% of rsqrt execution time). This represents 28
state transitions across 4 iterations, with each transition costing
1-2 cycles for register updates and signal synchronization.

The integrator module completes in 26 cycles despite per-
forming 7 vector operations, demonstrating efficient arithmetic
module reuse. Its 86% overhead (26 vs 14 theoretical cycles)
stems primarily from state synchronization when coordinat-
ing multiple parallel operations. Notably, the integrator’s fast
completion ensures it does not bottleneck the pipeline: the 26-
cycle integration consumes only 19% of the 136-cycle body
update period.

A. Resource Utilization

Table VII presents the complete resource utilization for the
N-body simulator synthesized on a Xilinx Spartan-7 XC7S50
FPGA. The design consumes 64% of available LUTs and 57%
of flip-flops, leaving sufficient headroom for future expansion
(e.g., doubling to N = 8 bodies would require approximately
90% utilization).

The DSP block utilization (55%) reflects the inten-
sive floating-point multiplication requirements: each of two
pipeline stages contains 12 DSP blocks (two acceleration cores
with 6 DSPs each), the integrator uses 18 DSP blocks (three



TABLE VII
TOTAL SYSTEM RESOURCE UTILIZATION (SPARTAN-7 XC7S50)

Resource Used Available Utilization
Slice LUTs 20,935 32,600 64.2%
Slice Registers (FFs) 37,134 65,200 57.0%
DSP48E1 Blocks 66 120 55.0%
BRAM Tiles 0 75 0.0%
BUFG (Clock Buffers) 2 32 6.3%

vector-scalar multipliers), and UART transmission adds negli-
gible overhead. The zero BRAM utilization is noteworthy: all
state is maintained in distributed registers rather than block
memory, enabling single-cycle access to body positions and
velocities without memory arbitration delays.

Table VIII breaks down resource utilization by major sub-
system, revealing that the acceleration pipeline stages domi-
nate the design, consuming 59% of total LUTs. The display
system and UART transmission account for less than 1%
of resources, demonstrating that visualization overhead is
minimal.

TABLE VIII
HIERARCHICAL RESOURCE BREAKDOWN (UART/VISUAL EXCLUDED)

Component LUTs FFs DSPs % of Total
Pipeline Stage 0 4,519 5,050 12 21.6%
Pipeline Stage 1 8,033 9,957 36 38.3%
Integrator 3,813 4,538 18 18.2%
Control FSM 4,659 17,543 0 22.2%
Total 21,024 37,088 66 100%

B. Timing

The design operates at 100 MHz (10 ns clock period) with
positive worst negative slack (WNS = +1.531 ns), indicating
comfortable timing margin. The critical path traverses the
floating-point addition pipeline within the acceleration core,
specifically through the mantissa alignment and normalization
stages. No additional pipelining was required to meet timing,
as the three-stage floating-point adder naturally breaks the
critical path into manageable segments.

C. Scalability Analysis

The double-wide pipeline architecture scales linearly with
body count: supporting N bodies requires N/2 pipeline stages
(for even N ). Each stage adds approximately 4,500 LUTs,
5,000 FFs, and 12 DSP blocks. Table IX projects resource
requirements for larger systems.

TABLE IX
PROJECTED SCALABILITY (SPARTAN-7 XC7S50)

Bodies Stages LUTs DSPs LUT Util.
4 (current) 2 20,935 66 64.2%
6 3 25,454 78 78.1%
8 4 29,973 90 91.9%
10 5 34,492 102 105.8% †
† Exceeds available resources; requires larger FPGA

The current Spartan-7 device can accommodate up to N = 8
bodies (91.9% LUT utilization) before exhausting logic re-
sources. DSP availability becomes the limiting factor at N = 8
(90 of 120 blocks, 75% utilization). Scaling beyond N = 8
would require either a larger FPGA (e.g., Spartan-7 XC7S100)
or algorithmic optimizations such as reduced rsqrt iterations
or sharing arithmetic modules across pipeline stages.

The O(N2) computational complexity remains fundamen-
tal: doubling the body count quadruples the total work (each
body now interacts with twice as many others). However, the
pipeline architecture amortizes this cost across time: steady-
state throughput remains one timestep per N × 136 cycles
regardless of system size, as bodies stream through the pipeline
continuously.

D. Bottleneck Analysis

Profiling the steady-state pipeline reveals that the reciprocal
square root operation is the dominant bottleneck, consuming
roughly 60% of the total body update period (81 of 136
cycles).

Within the rsqrt module, FSM overhead accounts for
roughly 41% of execution time (33 of 81 cycles), presenting
a clear optimization target.

E. Implementation Insights

The development of this N-body simulator yielded sev-
eral important lessons regarding FPGA design methodology,
verification strategies, and the tradeoffs between hardware
efficiency and design complexity.

1) Simulation-Driven Debug Strategy: Debugging complex
pipelined systems proved challenging due to the difficulty of
observing internal state in hardware. Our solution was to use
Cocotb, a Python-based HDL simulator that enabled cycle-
accurate logging of all pipeline signals. By instrumenting the
testbench to print position, velocity, acceleration, and FSM
states at every clock edge, we could trace individual bodies
through the entire pipeline and identify timing discrepancies.

For example, the initial implementation showed bodies
arriving at the integrator with incorrect accelerations. Simula-
tion logs revealed that the pipeline stage’s accumulation was
completing before both acceleration cores had finished, due
to improper handling of valid_out signals. The fix—using
latched valid flags that persist until all stages complete—was
straightforward once the simulation exposed the race condi-
tion.

For complex state machines with multi-cycle operations,
invest in comprehensive simulation infrastructure before syn-
thesizing. Cocotb’s Python integration allowed us to imple-
ment automated checking (comparing FPGA outputs against
a software reference) that caught numerous off-by-one errors
in FSM transitions.

2) Arithmetic Module Reuse vs. Parallelism: The integrator
module demonstrates an important tradeoff: it reuses three
vector-scalar multipliers and two vector adders across mul-
tiple FSM states, sequencing operations through time rather
than instantiating parallel hardware. This reduces resource



consumption (3,813 LUTs) compared to a fully unrolled im-
plementation (estimated 6,000+ LUTs), at the cost of increased
latency (26 cycles vs. a theoretical 8 cycles for a fully parallel
implementation).

This tradeoff was intentional: the integrator’s 26-cycle
latency is much less than the acceleration pipeline’s 136-
cycle latency, so integrator performance is not the bottleneck.
Reusing arithmetic modules saved approximately 2,000 LUTs
(35% reduction) that were reallocated to additional pipeline
stages or reserved for future expansion.

3) Double-Wide Pipeline Architecture: The decision to
implement a double-wide pipeline (two acceleration cores per
stage) rather than single-wide (N stages for N bodies) or N-
wide (all bodies in parallel) represents a carefully considered
tradeoff:

• Single-wide: Requires N stages, increasing pipeline
depth and latency. For N = 4, this would require 4
stages instead of 2, doubling the number of pipeline
registers and complicating control logic. Not chosen due
to increased complexity without throughput benefit.

• Double-wide (chosen): Requires N/2 stages, balancing
pipeline depth with resource utilization. Each stage oper-
ates two cores in parallel, exploiting the independence
of body-body interactions. This architecture naturally
maps to even body counts and minimizes control FSM
complexity.

• N-wide: Instantiates N acceleration cores in a single
stage, computing all interactions in parallel. While this
minimizes latency, it requires a large tree of adders to
accumulate N acceleration vectors, introducing delay and
decreasing the throughput. For N = 4, this would require
a 4-input adder tree with log2(4) = 2 levels of 3-cycle
adders (6 cycles), plus fan-out delays. The double-wide
approach’s two sequential 3-cycle additions (6 cycles) has
similar latency but much simpler routing.

The double-wide architecture scales efficiently: adding two
bodies requires one additional pipeline stage (4,500 LUTs),
maintaining near-linear resource growth.

For pipelined architectures processing independent data
(e.g., body-body interactions), favor moderate parallelism (2-
4 way) over both sequential and maximally parallel designs.
This balances resource efficiency with consistent throughput.

IX. GOALS ACHIEVEMENT

A. Commitment Deliverable
The commitment deliverable was successfully achieved with

important caveats:
Energy and Momentum conservation: Figure 5 demonstrates

that conservation laws are roughly obeyed initially and error
accumulates akin to what is expected for FP32 loss over time.
However, it diverges rapidly when bodies approach too closely,
as accelerations that would become singularies are reduced to
zero.

Limitation—collision threshold: As documented in Sec-
tion VII, the collision detection threshold violates conserva-
tion laws when bodies approach within r < 0.001 AU. At

timestep 350, a close encounter triggers catastrophic energy
and momentum violations (energy changes sign, momentum
increases by 50%). This limitation is a known tradeoff to
prevent floating-point overflow and was accepted as reasonable
for the current implementation. Importantly, conservation is
verified for normal operation (99% of simulation time), con-
firming that the core physics implementation is correct and that
violations occur only due to the intentional collision prevention
mechanism.

The system demonstrates physically verifiable conservation
laws under normal conditions, with documented deviations
only during rare close encounters where the collision threshold
intentionally sacrifices conservation for numerical stability.
Additionally, the UART transmission was implemented to
verify the correctness of the logic once loaded onto the FPGA.

B. Primary Goals: Partially Achieved (2 of 3)

Physically verifiable performance (conservation laws): See
commitment deliverables above.

General multi-body dynamics: the acceleration pipeline suc-
cessfully implements the full O(N2) pairwise force evaluation
for arbitrary N -body systems. The double-wide architecture
scales to even N through parameterized pipeline stages, with
demonstrated operation for N = 4 bodies and projected
scalability to N = 8 on the current FPGA (Table IX). The
implementation handles all body-body interactions symmetri-
cally, with no hard-coded assumptions about specific orbits
or configurations. Validation against random initial conditions
(positions in [−10, 10] AU, velocities ±1 AU/year) confirms
general applicability beyond pre-designed test cases.

The architecture supports arbitrary masses, positions, and
velocities through parameterized constants and IEEE 754
floating-point representation. While the current demonstration
uses N = 4 equal-mass bodies, the design imposes no restric-
tions on mass ratios or initial configurations. The collision
threshold (rmin = 0.001 AU) represents the only physical
constraint, below which the system sacrifices accuracy for
stability.

HDMI visualization with trajectory rendering:
Minkowski space projections:

C. Stretch Goals: Not Achieved

The stretch goal of producing higher numerical resolu-
tion than a good pythonic implementation was not achieved.
The FPGA implementation exhibits lower precision than the
Python reference.

The Python implementation uses NumPy’s default 64-bit
double precision (FP64) with machine epsilon ϵ ≈ 2.22 ×
10−16, while the FPGA uses 32-bit single precision (FP32)
with ϵ ≈ 1.19 × 10−7—a factor of ∼ 109 worse precision.
Figure 3 quantifies this difference: position errors grow to 1-
10 m after 1000 timesteps, representing accumulated rounding
errors from the FP32 arithmetic.

The decision to use FP32 was intentional: it reduces re-
source consumption, enabling the current N = 4 implementa-
tion to fit within the Spartan-7 XC7S50’s capacity (64% LUT



utilization, Table VII). A pure FP64 implementation would
exceed device capacity (estimated 140% utilization), requiring
either a larger FPGA or reduced functionality.

X. FUTURE WORK

The validation results (Section VII) demonstrate that the
current implementation successfully achieves its primary goal
of sustained-throughput N-body simulation on FPGA hard-
ware, but reveal several areas where future iterations could
significantly improve numerical accuracy, physical fidelity,
and operational efficiency. We identify six priority areas for
enhancement, ranked by their impact on simulation quality.

A. Singularity Regularization and Conservation
The most critical limitation exposed by validation is the

collision detection threshold’s catastrophic violation of con-
servation laws (Figure 5). The current hard-threshold ap-
proach—zeroing acceleration when r < Rthreshold—prevents
floating-point overflow but introduces non-physical forces that
can unbind gravitationally bound systems and permanently
violate momentum conservation.

Softened gravitational potentials provide a physically mo-
tivated solution that maintains numerical stability while pre-
serving conservation laws. Instead of the singular Newtonian
potential ϕ = −Gm/r, a Plummer softening introduces a
smoothing length ϵ:

ϕsoft = − Gm√
r2 + ϵ2

(9)

The corresponding force is:

Fsoft = −Gmimj(rj − ri)

(r2ij + ϵ2)3/2
(10)

This potential remains finite as r → 0, preventing overflow
while preserving the Newtonian r−2 behavior for r ≫ ϵ. Crit-
ically, because the softened force derives from a well-defined
potential, it automatically conserves energy and satisfies New-
ton’s third law (conserving momentum). The computational
cost is minimal: replacing r−3 with (r2 + ϵ2)−3/2 requires
one additional FP32 addition before the rsqrt operation, adding
negligible latency to the 115-cycle accel core.

This single modification would eliminate the most severe
failure mode identified in validation (the timestep-350 con-
servation catastrophe) while adding less than 1% to the total
pipeline latency. Another potential modification that would
likely yield worse results is to create a signal indicating when
two bodies are too close. This would allow the integrator
module to simulate a collision and compute the resulting
velocities so the objects can travel together, though it may be
more difficult to implement and energy conservation would
still not be obeyed in this system (would have to be inelastic
collisions).

B. Extended Precision Arithmetic
FP64 (double precision) would reduce machine epsilon from

1.19 × 10−7 to 2.22 × 10−16, potentially extending accurate
simulation duration by 2-3 orders of magnitude. However,
FP64 arithmetic consumes significantly more FPGA resources.

C. FSM Overhead Reduction

The implementation insights in Table VI identified that finite
state machine (FSM) overhead accounts for a large part of
arithmetic latency across multiple modules, most severely in
arith rsqrt nr where 33 of 81 cycles (41%) are spent on state
transitions rather than computation. This overhead stems from
the pipeline bubble pattern where valid in pulses for one
cycle, child modules require an extra cycle to latch inputs,
and computation only begins two cycles after the parent FSM
transitions states.

D. Scalability

Regarding scalability beyond N = 4 bodies: the resource
projection (Table IX) indicates that the Spartan-7 XC7S50 can
support N ≤ 8 bodies with the current architecture. It would
be nice to be able to support more bodies, which would likely
require a BRAM-based approach.

XI. CODE REPOSITORY

Here is a link to our Github repository:
https://github.mit.edu/6205F25/fa25-6205-team51.
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